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IIT-JEE-Mathematics—-1997

Time : Three Hours Max. Marks : 100

Instructions :

1. Answer all questions in the language of your choice as shown in your admit card.

2. The paper consists of seven printed pages (17 questions).

3. Answer to next question should start after drawing a separating horizontal line with a
space of 3cm.

4. All sub-questions of a question should be answered at one place in the same order as in
the question paper.

5. There is no negative marking.

6. Use of all type of calculating devices, Graph paper, Logarithmic/Trigonometric/ Statistical
Tables is prohibited.

1. There are five sub-questions in this question. For answering each sub-question, four
alternatives are given, and only one of them is correct. Indicate your answer for each sub-
question by writing one of the letters A, B, C or D ONLY in the answer-book.

(i) If g (x)= JOxcos4 tdt, then g (x + p) equals :

(A) g (x)+ g (m) (B) g (x)- g (n)
(C) g (x)g (n) (D) (g (x))/(g (x))

(i) If f (x)= x / sinx and g (x)= x / tanx , where 0 < x £ 1, then in this interval :
(A) Both f (x) and g (x) are increasing functions.

(B) Both f (x) and g (x) are decreasing functions.

(C) f (x) is an increasing function.

(D) g (x) is an increasing function.

(iii) The parameter, on which the value of the determinant does not depend upon is :

1 Q a*
cos (p—d)x cospx cos(p +d)
sin (p—dlx sinpx sinp +d)

(A) a (B)p
(Ad (D) x

Trans Web Educational Services Pvt. Ltd
B — 147,1st Floor, Sec-6, NOIDA, UP-201301
Website:www.askiitians.com Email. info@askiitians.com
Tel:0120-4616500 Ext - 204




I B | askiTians |11 N

. Powered By ITians

(iv) The graph of the function cos x (x + 2) — cos2 (x + 1) is:

(A) a straight line passing through (0, — sin2 1) with slope 2

(B) a straight line passing through (0, 0)

(C) a parabola with vertex (1, — sin2, 1)

(D) a straight line passing through the point (n/2,-sin2 1) and parallel to the x-axis.

(v)
lim ! i - equals
- —_—_— { H
noe ML n? o+ r? )
(A) 1+ V5 (B) - 1+ V5
(C) -1+ V2 (D)1 + V2

2. A tangent to the ellipse x2 + 4y2 = 4 meets the ellipse x2 + 2y2 = 6 at P and Q. Prove
that the tangents at P and Q of the ellipse x2 + 2y2 = 6 are at right angles

sinx cos3x

3. Prove that the values of the functon ——
sin3x cos x

do not lie between = and 3 for any real x.

r 2x(1+sinx
4. Determine the value off Q dx
—T 1+cos? x
5 Leta+b =4 wherea< 2, and let g (x) be a differentiable function
If% = 0 for all x, prove that f: g (x) dx + f: g (x) dx increases as
(b — a) increases.

6. The question contained FIVE incomplete statements. Complete these statements so that
the resulting statements are correct. Write ONLY the answers in your answer-book in the
order in which the statement are given below.

(i) The sum of all the real roots of the equations |x-2|2+|x-2|-2=0is ..... ......... .

(ii) Let p and g be roots of the equations x2 - 2x + A = 0 and let r and s be the roots of the
equation x2 - 18 + B = 0. If p < g < r < s are in arithmetic progression the A = ............ .
and B = ...
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(i) LetOA= & 0B =104+ 2b.and OC = b, where O, A and C are non-collinear points.
Let p denote the area of the quadrilateral OABC. and let q denote the area of the
parallelogram with OA and OC as adjacent sides. If p = kq, then k= .

(iv) The sum of the rational terms in the expansion of (v2 + 3%/5)™ is

(v)  For each natural number k. let C. denote the circle with radlus K centimeters an
centre at the origin. On the circle C,, a particle moves K centimeters in the counter-
clockwise direction. After completing its motion on Ck the particle moves to C.., in
the radial direction. The motion of the particle continues in this manner. The particle
starts at (1, 0). If the particle crosses the positive direction of the a-axis for the first
time on the circle Cothenn= ... ... ..

7. Let 0 <A <nfori=1 2 ... n Usemathematical inductionto prove that sin
. " . [AgFALFLLLLFA, _
Ay +sinA;+ ............... +sinAn =£n sin f) where n = 1 is a natural

number.
{You may use the factthatpsinx+ (1-p)siny<sin[ox+(1-py], where 0 £p £1
and0<x y<n}

8. Determine the values of x for which the following function fails to be
continuous or differentiable:

1-1x x<1
FG={0-002-x 1€x<2
3—x x>2
Justify your answer. ' o
9. If A, B and C are vectors suchthat |B| = |C|. Prove that

[(A+B)x(4+C)]x(BxCE).(B+C)=0

10. Let z1 and z2 be roots of the equation z2 + pz + q = 0, where the co-efficients p and q
may be complex numbers. Let A and B represent z1 and z2 in the complex plane.
If If DAOB = a 1 0 and OA = OB, where O is the origin, prove that p2 = 4q cos2 (a/2).

11. The question contains FIVE incomplete statements. Complete these statements so that
the resulting statements are correct. Write ONLY the answers in your answer-book in the
order in which the statements are given below.
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(i) Let 7 (x) be a continuous function defined for 1 £ x < 3. If 7 (x) takes rational

values forall xand 7(2) =10, thenf(1.5)= ............... ...

e msin(minx) | .
(i) The value off1 fdms

42510

sinx x2
(i) Let i F(x)= ST x> 0.If [ dx = F(k) — F(1) then one of

1 x
the possible values of kis ........................ .

(iv)  The real roots of the equation cos™ x + sin* x = 1 in the interval (- =, =) are
IR SRR e A ||| o |ERe R
(vij  The chords of contact of the pair of tangents drawn from each point on the

line 2x + = 4 to the circle x* + y* = 1 pass through the point .........

12. If p and q are chosen randomly from the set {1, 2, 3,4, 5,6, 7, 8,9, 10}, with
replacement, determine the probability that the roots of the equation x2 + px + q = 0 are
real.

13. Let u (x) and v (x) satisfy the differential equations du/dx + p (x) u = f (x) and dv/dx +
p (X) v =g (x), where p (x) and g (x) are continuous functions. If u (x1) > v (x1) for some

x1 and f (x) > g (x) for all x > x1, prove that any point (x, y) where x > x1 does not satisfy
the equationsy = u (x) and y = v (x).

14. Let S be a square of unit area. Consider any quadrilateral which has one vertex on each
side of S. If a, b, c and d denote the lengths of the sides of the quadrilateral,
prove that 2 £ a2 + b2 + c2 + d2 £ 4.

15. Let f (X) = Maximum {x2, (1 - x)2, 2x (1 = x)}, where 0 £ x £ 1. Determine the area
of the region bounded by the curves y = f (x), x-axis, x = 0 and x = 1.

16. Prove that >k-1n-1 (n-k) cos(n/2), where n 3 3 is an integer.

17. Let C be any circle with centre (0,V2). Prove that at the most two rational points can be
there on C.

(A rational point is a point both of whose coordinates are rational numbers.)
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