Sequences and Series-Solutions

SUBJECTIVE PROBLEMS :

Sol. 1.

Let the two numbers be a and b, then

2ab/a+b=4..(1);a+b/2=A;Vab=G

Also2A+G2=27=a+b+ab=27 ....... 2

Putting ab = 27 - (a + b) in eqn. (1). We get
54-2(a+b)/a+b=4=>a+b=9thenab=27-9=18

Solving the two we gata = 6, b = 3 or a = 3, b = 6, which are the required numbers.

Sol. 2.

Let there be in n sides in the polygon.

Then by geometry, sum of all n interior angles of polygon = (n - 2) * 180°
Also the angles are in A. P. with the smallest angle = 120°, common difference = 5°
~ Sum of all interior angles of polygon

=n/2[2*120+ (n-1)*5

Thus we should have

n/2[2*1204+ (n-1)*5]=(n-2)*180

=>n/2[5n+ 235]=(n-2)*180

= 5n2 4+ 235n = 360n - 720
=5n2-125n+720=0=>n%2-25n+144=0
=2>Mn-16)(n-9)=0=>n=16,9

Also if n = 16 then 16t angle = 120 + 15 *5 = 195° > 180°

~ not possible. Hence n = 9.



Now we have to prove

mi\/a2+@i\/a_3+ ...................... +\/ﬁ—11+\/a_n=\/£+_\1/a_n
L.H.S.=\/E1J1ﬂ/a2+\/a_zi\/a_3+ ...................... +ﬁ
G VT 4 Lenayen
a;—a, a,—as ap—1—0an

=%[\/a1-\/a2+\/a2-\/a3+ ................... +Va,_1-Va,]
(Using equation (1))
= % [Va; - Va,]
__@m—an, __(=Dd _ _n-1

dVai+an) dvai+Va, ai+Va,
=RHS. Hence Proved.
Sol. 4.
If possible let for a G. P.
Tp=27=ARr1 ... (D
Tq=8=ARal ... (2)
T,=12=AR1 ... 3
From (1) and (2)
Rpa=27/8=>Rr-a=(3/2)3 ... 4
From (2) and (3) ;
Rai-r=8/12=Ra-r=(3/2)-1 . 5

From (4) and (5)

R=3/2;pq=3;q-r=-1



p-2q+r=4;p,qreN ...

As there can be infinite natural numbers for p, g, and r to satisfy equation (6)

~ There can be infinite G. P’ s.

Sol. 5.

2<ab,c,<18 a+b+c=25

2,a,bare AP=>2a=b+2

= 2a-b=2

b,c, 18 arein GP = c2=18b

From (2) >a=b+2/2
(D=b+2/24+b+c=25=>3b=48-2c
(3) >c2=6(48-2c)=>c2+12c-288=0
=c=12,- 24 (rejected)
=>a=5b=8,c=12

Sol. 6.

Given thata,b,c>0

We know for +ve numbers A. M. 2 G. M.

~ For +ve numbers a, b, c we get

a+b+c/3 >3abc .

Also for +ve numbers 1/a, 1/b, 1/c, we get

1+1+1
o Tl 31
ach
3 abc

Multiplying in egs (1) and (2) we get

1.1 1
a+b+c) PR 3 1
— )| 2'¢ébCX
( 3 < 3 Yabc

:(a+b+c)(§+%+%)29Proved.




Sol. 7.

Giventhatn=p:™ . P ps® oot P (1)
Wheren ENaNd Py, P, P3 e evevevenennennnennn. pk are distinct

Prime numbers.

Taking log on both sides of eq. (1), we get

logn=a;logp;+a,logpy+..........ooou... +ou log Pk (2)
Since every prime number is such that

pi=2

~logepizloge2 (3)
Vi=1(1)k

Using (2) and (3) we get

lognzajlog2+a,log2+azlog2+..................... + ay log 2

=Slogn2(0+0+. oo, + ay) log 2

=>log n > k log 2 Proved

Sol. 8.

The given series is

1,3 7 15T
reo(CDT GGttt up to m terms |
Faocrne () + () + () + G
r_o(=1) Cr(z) + " + 5 + o)t to m terms |

T
Now, 2"=0(—1)T“c,(1) 1= C 1/2 4Gy B TGy B

2
(-3

.. 3 r 3 n 1
sty 7,107, (2) (1=
. L 1 1 1 1
Hence the given series is, Sttt gn T T e to m terms
Ao\ o
=M[Summing the G.P.] = 21

1-=x 2mn(2n—1)



Sol. 9.

Let the three distinct real numbers be o/, a, ar.

Since sum of squares of three numbers be S2
wo2/r2 + o2 + a2 r2 = §2

Or a2(l+rz+r4/rz =8 ... (D
Sum of numbers is aS

cao(l+r+rd)/r=aS L. 2

Dividing eq. (1) by the square (2), we get

a2(1+r2+r4)/r2*rz/ o (1+r+r?2)2=_52/a252

AI+2r24+r)-r2/(1+r+r2)z2=1/az(1+r+r))(1-r+r2) /A1 +r+r?)2=1/az

l1-r+r2/l+r+r2=1/a2=a%r2-a?r+a2=1+r+r?

=>@2-1r2-(a2+1r+(az-1)=0

>rz+(1+a?/1-ay)r+1=0 ..

For real valuew of r, D > 0

= (1+az/1-a%)2-42>0
=>1+2a2+a2-4+ 8a2-42>0
=>3a*-10a2+3<0=>(3a2-1) (a2-3)<0
=>(az-1/3)(a2-3)<0

Clearly the above inequality holds for
1/3<a?<3

But fromeq. (3),a# 1~ a2z €(1/3,1) U (1, 3).

Sol. 10.

The given equation is

log (2x+3) (6x2 + 23x + 21)



=4-logax+7(4x2+12x+9)

= log 2x +3) (6x% + 23x 21)

+log x+7) (4x2+ 12x+9) =4

= log 2x+3 (2x+3) B3x+7) +log sx+7) (2x+ 3)2x=4
=>1+logex+3(Bx+7)+2logex+7 (2x+3)=4

[ Using log ab =a + log b and log a» = n log a

NOTE THIS STEP

= log ox+3) 3x+7) + 2/ log 2x+3) (3x+7) =3 [ Usinglog.b = 1/logpa]
Letloglog ox+3) 3x+7) =y
=2>y+2/y=3=2y2-3y+2=0
=>{y-1)y-2)=0=>y=1,2

Substituting the values of y in (1), we get

=>logx+3 Bx+7)=1 and log (2x+3) (3x +7) =2
=3x+7=2x+3 and 3x + 7 = (2x + 3)2
=>x=-4 and 4x2+9x+2=0
=>x=-4 and (x+2) (4x+1)=0
>x=-4 andx=02,x=-1/4

As log .x is defined for x > 0 and a > 0 (a # 1), the possible value of x should satisfy all of the
following inequalities :

=2x+3>0 and3x+7>0
Also2x+3#1 and3x+7#1
Outofx=-4,x=-2andx=-1/4onlyx =-1/4
Satisfies the above inequalities.

So only solutions is x =-1/4.



Sol. 11.

Given that logs 2, logz (2% - 5), logs (2x-7/2) are in A. P.
= 2 logs (2x-5) =logs 2 + logs (2x-7/2)

= (2x-5)2=2(2x-7/2)

= (2x)2-10.2x+25-22x+7=0

= (292-10.2x+25-22x+7=0

= (2¥)2-12.2x+32=0

Let 2x =y, then we get,
Y2-12y+32=0=>(y-4)(y-8)=0
>y=4or8=>2x=2%Zor23=>x=2o0r3

But for logz(2x - 5) and logs (2x - 7/2) to be defined
2x-5>0and 2x-7/2>0

=2x>5and 2x>7/2

= 2x>5

= x # 2 and therefore x = 3.

Sol. 12.
Let a and b be two numbers and Ay, A, A, .......... A,benA. M’s betweenaandb
Then a, Ay, A,, ....... A,, b arein A. P. There are (n + 2) terms in the series, so that

a+(n+1)d=b=>d=b-a/n+1
Aj=a+b-a/n+l=an+b/n+1
ATQp=an+b/n+1 e (1)

The first H. M. between a and b, when nHM’s are inserted between a and b can be obtained by replacing
aby 1/aand b by 1/bin eq. (1) and then taking its reciptocal.

Therefore, g =1/(1/a)n+1/b/n+1=(n+1)ab/bn +a

~q=(m+1)ab/a+bn ... (2)



We have to prove that q cannot lie between p and (n + 1)2/(n - 1)2p.
Now,n+1>n-1=n+1/n-1>1
=>n+1/n-1)2>1lorp(n+1/n-1)2>p

= p<ph+1/n-1)2 ....... 3)

Now to prove the given, we have to show that q is less than p.

For this, let, p/q=(na+b) (nb+a)/(n+ 1)2ab
=>p/q-1=n(a2+b2?)+ab((n?+1)-(n+1)2ab/(n+ 1)2ab

= p/q-1=n(a%+b%-2ab)/(n+ 1)2ab

=p/q-1=n/(n + 1)? (a—b/Vab)’

=n/(n+1)*(a/b-/b/a)’ = p/a-1>0

= ( provided a and b and hence p and g are +ve )

P>q e (4)

From (3) and (4), we get,

g<p<(n+1/n+1)p

~ qcan notlie between pand (n + 1/n + 1)2 p, ifa and b are +ve numbers.
ALTERNATE SOLUTION:

After getting equations (1) and (2) as in the previous method, substitute b = p(n + 1) —an [from (1)] in
equation (2)togetag+nq[p(n+1)—an]=(n+1)a[p(n+1)—an]
=sa’n(n+1)+a[q(l-n?)-p(n+1)]+npg(n+1)=0
=na’-[(n+1)p+(n—-1)gla+npg=0

=>D>0 (+aisreal)

= [n+1)p+(n-1)g]*-4n’pq =0

> (n-1)2q2+ {2(n?2-1)-4n?} pq+ (n + 1)2p2 >0

= q2-2n24+1/(n-1)2pq+ (n+1/n-1)2p2=>0
=[q-p(n+1/n-1)2[q-p] =0

[ On factorizing by discriminent method] = q can not lie between p and p(n + 1/n - 1)2.



Sol. 13.

ATQ we have,

Slzl+%+(%)2+(l)3+ ..................... 00
Sz=2+2.§+2(§)2+ ....................... 00
S;=3+3 l+3(i)2+ ....................... o
Sn=n+nﬁ+n(ﬁ)2+ ..................... 0

:Sl=ﬁ=2[using5w=f]
2

n

Sn=1_L=(n+1)

n+1

SWS124S24S32 4+ S2501
=224 324424 e +(M+1)2+. + (2n)?2

NOTE THIS STEP:

_2n(2n+1)(4n+1) .
6

Y or2-1 1°

_n((2n+1)(4n+1)3
3

Sol. 14.

Since X1, X2, X3 are in A. P. T. Therefore, let x; = a - d, x; = a and x3 = a + d and X1, x,, X3 are the roots of
X=X’ +PBx+y=0

Wehave Ya=a-d+a+a+d=1 )

Yap=(a-d)ata(@a+d)+(@-d)(a+d)=8 ... (2)

aBy=(a-da(@a+d) =-y ... (3)

From (1), we get,3a=1=>a=1/3



From (2), we get 3a*—a’= 8

=3(1/3)*-a’=B=>1/3-p=d2

(NOTE : In this equation we have two variables 8 and d but we have only one equation. So at first
sight it looks that this equation cannot be solved but we know that
d2 >0V de€Rthen;  canbe solved).

=1/3-B=0 d2>0

=>B<1/3=>B€(-o,1/3]

From (3),a(a?2-d2)=-vy
=1/3(1/9-d2)=-y=>1/27-1/3d2=-y
=>vy+1/27=1/3d2=>y+1/27 =0

=>y=>-1/27 =-y€[-1/27,0)

Hence 3 € (-00,1/3 ) andy € [-1/27, 0]

Sol. 15.

Solving the system of equations, u + 2v + 3w = 6,
4u+5v+6w=12and 6u+9v=4

Wegetu=-1/3,v=2/3,w=5/3
sut+v+w=21/u+1/v+1/w=-9/10

Let r be the common ratio of the G. P.,a, b, ¢, d. Thenb = ar, c = ar?,d = ar3.
Then the first equation

Q/u+1/v+1/w)yx2+[(b-c)2+(c-a)2+ (d-b)2]x+ (u+v+w)=0
Becomes

%XZ + [(ar-ar?)2+ (ar2-a)2+ (ar3-ar)2|x+2=0
ie9x2-10a2(1-r)2[rz+ (r+1)24+r2(r+1)?2]x-20=0

ie.9x2-10a2 (1-r)2(r*+2r34+3r24+2r+ 1)x-20=0
ie.9x2-10a2(1-r)2(1+r+r’)’x-20=0,

i.e.9x2-10a2 (1-r3)2 x-20=0 ... (1)



The second equation is

20x*+10(a—ar’)>’x-9=0

i.e,20x’ +10a° (1-r’)’x=9=0 ... (2)

Since (2) can be obtained by the substitution x — 1/x, equations (1) and (2) have reciprocal roots.

Sol. 16.

Leta—3d,a—d, a+danda+3d be any four consecutive terms of an A. P. with common difference 2d -
Terms of A. P. are integers, 2d is also an integer.

Hence p = (2d)* + (a—3d) (a—d) (a + d) (a + 3d)
=16d* + (a’ - 9d*) (a’ - d’) =a’ - 5d%)°

Now, a* = 5d° = a> - 9d” + 4d*
=(a—3d)(a+3d)+(2d)* = some integer

Thus p = square of an integer.

Sol 17.
Giventhatagay, ...ooi i a, are +ve real no’s is G. P.
a1 =a
aZ = ar
a; = ar? Asaj ap ..... apare+ve . r>0
a, = ar"!
A isA.M.ofag,ay, ..ccovvn.. , an
An=ar+ayt .o +ag/n=a+ar+. ..o +ar "/n
a(1-r)"
T e 1)(Forr#1
= (1) )
GhisG.M.ofay, @y, oo viei i , an
Gn=1a1,p . e a, = Na.ar.ar?........... ar®—1
— (n-1)
_n n n(n 1)_ar >
2
(n-1)
Gn= AT 2 e e (2) (r+1)



Hozanr" P (1-0)/(1-") (r#1). (3)

We also observe that

a(1-r") _anr""'(1-r) non-1 2
A H, = X =ar =G
N @) 1-rn n

G=(AL Ay AHiHy oo Ho)Y2 (5)
If r=1then
A,=G,=H,=a

Also A, H, = G,"
~ Forr =1 also, equation (5) holds.

Hence we get

Clearly A;+Ay=a+b

1/H;+1/H,=1/a+1/b

= H; + Hy/H;H, = a + b/ab = A; + A,/G;. G,

= GG, /HiHy=A; + Ay/H  +H,
Also1/H,=1/a+1/3 (1/b—-1/a) = H,=3ab/2b+a

1/H,=1/a+2/3(1/b-1/a) => H,=3ab/2a+b



a+b
1 1
2b+a+2a+b)

:>A1+A2/H1+H2=3ab(

_ (2b+a)(2a+b)
- 9ab

Sol. 19.

Given that a, b, carein A. P.

= (a—b)(a +b)/b%a*= (b —c) (b + c)/b*c?

= ac2+bcz=a?b+azc[va-b=b-]
=>ac(c-a)+b(c-a)(c+a)=0

= (c-a)(@+bc+ca)=0

= eitherc-a=0orab+bc+ca=0

= either c=aor (a+ c) b + ca = 0 and then form (i) 2b2 + ca=0
Eithera=b=corbz=a(-c/2)

i.e.a,b,-c/2 are in G. P. Hence Proved

Sol. 20.

an=3/4 -(3/4)% + (3/4)3 + woor. + (-1)n1 (3/4)n

= M =3/7 (1-(-3/49)")

4
Bh=1-a, andbys>a,Vn=n,
“l-a>a, @2an<1
6 3 3
= ;[1_(-_1)]<1:-(--Z) <1/6
= (_3)n+1 < 22n-1
For n to be even, inequality always holds. For n to be odd, it holds forn > 7.

~ The least natural no, for which it holds is 6 ( = it holds for every even natural no.)



