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Solved Examples

Example 1:

Given are two sets A {1, 2, -2, 3} and B = {1, 2, 3, 5}. Is the function f(x) = 2x - 1 defined
from A to B?

Solution :

Out of all the ordered pairs, the ordered pairs which are related by the function f(x) = 2x - 1
are {(1, 1), (2, 3), (3, 5) But for (-2) in A, we do not have any value in B. So, this function
does not exist from
A->B.

Example 2:

A function f is defined as f: N -> N (where N is natural humber set) and f(x) = x+2. Is this
function ONTO?

Solution :
Since, N ={1, 2, 3,4, ......... Yand A=B =N
For : A->B
When x =1 f(x) =3
When x = 2 f(x) =4

So f(x) never assume values 1 and 2. So, B have two elements which do not have any pre-
image in A. So, it is not an ONTO function.

Example 3 :
Find the range and domain of the function f(x) = (2x+1)/(x-1) and also find its inverse.
Solution :

This function is not defined for x = 1. So, domain of the function s

R -{1}.

Now, for finding the range
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Let,(2x+3)/(x-1) =y
=>2X+ 3 =yx-y
=>yxXx-2x=y + 3
=>(y-2)x=y+3
=> x =(y+3)/(t-2)
So, y cannot assume value 2
Range of f(x) is R - {27}.
Inverse is y =(x+3/x-2) .
Example 4:
Find domain and range of the function f(x) = (x*+2x+3)/(x*-3x+2)
Solution :
This function can be written as : f(x) =(x*+2x+3)/(x-1)(x-2) .
So, domain of f(x) isR - {1, 2}
For range, let (x*+2x+3)/(x*-3x+2) = y
=>(1-y)xX*+(2x+3y)x+3-2y=0
for x to be real, Discriminant of this equation must be > 0
D>0
=> (2 +3y)’-4(1-y)(3-2y) >0
=>4 +9y? + 12y -4(3 + 2y>-5y) >0
=>y>+32y-8>0
=> (y + 16)*- 264 >0

=>y<-16-V264 or y > - 16 + V264.
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Example 5:

Find the period of following functions
(@) cos3 x + sin 5 x

(b) |cos x| + |sin2 x|

(c) x - |x].

Solution :

(a) f(x) = cos 3x + sin 5x

period of cos 3x = 2T/3 and period of sin 5x = 2[[/53
L.C.M. of 2T1/3 and 2T1/5 is 2p

So period of f(x) is 2p.

Note: Let g(x) = cos 3x

g((2T1/3)+x) = cos3 ((2T1/3)+x)

cos (21T + 3x)

cos 3X

g(x)

(b) f(x) = |cos x| + |sin2 x|
Period of |cos x| =TT
Period of |sin 2 x| = TI/2
So, period of f(x) is TT
(c) f(x) = x [x]
Let T be the period of this function

=> f(T + x) = f(x)
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=>T4+ x-[T+x] =x-[x]
=>T=[T+x]-[x] ... (1)
=> T = integer - integer
= integer
Let T =1 (Therefore 1 is the smallest positive integer)
Equation (1) becomes
1=1[1+x]-][x]
which is true for all x € R
Period of f(x) is 1.
Example 6:

Show that the inverse of a linear fraction function is always a linear fraction function (except
where it is not defined).

Solution:
Let, f(x) = (a+bx)/(c+dx) be the said linear fraction function.
Let at some x it attains value vy, so,
(a+bx)/(c+dx) =y
=>a+bx-cy-dxy=0
=>a-cy+x(b-dy)=0
=> X = (cy-a)/(b-dy).
Which is again a linear fraction function defined in R except
atx = -c¢/dandy = b/d

and inverse of the given function is, y = (cx-a)/(b-dx).
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Example 7:
If graph of function f(x) is as shown in the figure given below, then plot the graph of |f(x)].

f(x) + 1, f(x + 2) and f* (x)

*)’

L

Solution:

(@) [f(x)] will reflect the graph of f(x) below x axis to the (-) ve y axis side. So the graph
will be as shown in the figure given below.

(b) f(x) + 1 will just shift the graph by one unit position up. So the required graph is as
shown in the figure given below.

A\

(0, a)
o iz
O

» X
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(c) f(x + 2) will shift the graph of f(x) by two units to left, the graph will be as shown in the
figure given below.

(d) f1(x) is obtained by reflection of graph f(x) on the line y = x as shown in the figure
given below.

Example 8:
Show that the following functions are even

(a) f(x) = x?/(2x*-1) + x*/2 + 1

(b) f(x) = (a*+a™)/2

(c) f(x) = x* - [x|
Solution:

(a) f(x) = x*/(2x*-1) + x*/2 + 1

so, f(-x) = (-x)?/(2(-x)*-1) + (-x)?/2 + 1

= x?/(2x*-1) + x%*/2 + 1 = f(x)
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so, f(x) in sum function.
(b) f(x) = (a*+a™)/2
=> f(-x) = (a”+a*)/2 = f(x)
so, f(x) is even function
(c) f(x) =x*- x|
=>f (-x) = (-x)* - |-x] = x* - |x| = f(x)
so, f(x) is even function.
Example 9:
Show that following functions are odd.
(a) f(x) = (e’-1)/(e*+1)
(b)  f(x) = log((1-x)/(1+x))
(c) f(x) = V(1+x+x?) - V(1-x+x?)
Solution:
(a) f(x) = (e’-1)/(e*+1)
=> f(x) = (e*-1)/(e7+1) = (1-¥)/(1+€e¥)
= -((e*-1)/(e*+1)) = -f(x)
=> f(-x) = -f(x)
=> so, f(x) is an odd function
(b)  f(x) = log ((1-x)/(1+x))
=> f(-x) = log((1+x)/(1-x)) log((1-x)/(1+x))™
=> -log((1-x)/(1+x))

=> f(-x) = -f(x)
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so, f(x) is an odd function.
() f(x) = V(1+x+x?) - V(1-x+x?)
f(-x) = V(x*-x+1) - V(1+x+x%)
= -[V(1+x+x?) - V(1-x+x?)]
f(-x) = -f(x)
so, f(x) is an odd function
Example 10:
Iffx) =1+x;0<x<?2
=3-X;2<x<3
Determine
(a) g(x) = f(f(x))
(b) f(f(f(x)))
(c) f([x1)
(d) [f(x)]
Where [ ] represents the greatest integer function.

Solution:
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s (1+ f(x):0 < flx) £2)
) ) = y=1 R R e
(@) 90 = KD =13 _ r)2 < o) < 38
First consider the case
f(x)=1+%,0<x<2

z 1+1+x00=1+x
g(f(x)) = {3 —1—x2<14+x<3)

_f2-x-1sxs1
T R2-x; 1<x<2)

2+x:0<x
g,

g(fx) = {3 7 1

For f(x) = 0.3-x, 2 < x <3

wo [1+3-x0=3-x=2
9(f(x) = {334+ x:2<3-x< 3/

_[t-xlsx<3
1 50 J

2 <3 B

Since our considered domain js,: 2 < X < 3 SO

gf(x)) ={¢-x:2<x <3}
So
(2+x0<x<1
mﬂm>=z-y1<rgﬁ
4-—x:2< x<3)
(b)LetO<x<1
f(f(f(x)))

=f(2+x)2<2+x<3
But we observe that there is no single definition f(f(x)) for this interval.
Therefore we reduce the interval 0 < x < 1to0 < x < 1.

let0O<x<1

f(F(F(x)))
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f2+x);2<x+2<3

3-(2+x)

1-Xx

letl <x<?2

f2-x);0<2-x<1

1+2-x

=3-X
Llet2 <x<3

= f(f(f(x)))

f(4-x);1<4-x<2

1+ (4-x)

=5-Xx

f(f(f(x))) = f(f(1)) = f(2) = 3

f(F(x))) )

(c) f([x])
let0O<x<1
f[x] =f(0) =1

Letl <x< 2

f[x] =f(1) =2
Let2 <x<3
f[x] =f(2) =3
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Let x = 3

f([x]) =f(3) =0

(d) [f(x)]

First draw the graph of y = f(x)

Let O0O<x<1
1<f(x)<2=>[f(x)]=1
Let 1<x<2
2 <f(x) <3=>[f(x)]=2
Let x=2
f(x) =3
[fFC)] =3
Llet 2<x<3

0<f(x)<1=>I[f(x)]=0
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Example 11:
Ifx>+y>=1
prove that - V2 < x +y <V2.
Solution:
Since, x> +y?=1=>x=co0s 0,y =sin 0
Consider,
X+y=cosB +sinB
= v2((1/V2)sin® + (1/V2)cosb )
= V2sin((T1/4) + 0)
Recall : sin((TT/4)+6) can take maximum value 1 and minimum value -1.
=>|V2 sin((T1/4)+0)| < V2
=>-V2<x+y<V2. Hence proved.
Example 12:
Check the invertibility of the function f(x) = (e* - €*); and then find its inverse.
Solution:
We have
f(x) =e*-e™; xeR
limy.sq f(X) =a
limy.sq f(X) = -a

f'(x) =e*+e*>0V€ER
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Therefore f : R -> R
f(x) = e - e is a bijective function
Therefore f(x) is invertible
Now, f(x) = y = t - 1/t [where t = €]
=>t’-1=ty
=>t’-ty-1=0
=>t = (y+V(y*+4))/2 [t cannot be negative]
Now
t=e
=> e = (y+V(y’+4))/2
=> x = loge ((y+V(y’+4))/2)
Therefore Inverse of y = e* - e*is y = loge ((x+V(x2+4))/2)
Example 13:
If f(x) = ((1-x)/(1+x)) x # 1 and x € R.
Then show that
(i) f(1/x) = -f(x), x £ 0
(i) f(f(x)) + f(f(1/x)) > 2 for x > 0.
Solution:
f(x) = (1-x)/(14x), x # 1 and x € R
=> f(1/x) = (1-(1/x))/(1+(1/x)) = (x-1)/(x+1), x # O
=> - f(x)

Now f(f(x)) = (1-(1-x)/(1+x))/(1+(1-x)/(1+x)) = (2x)/2 = X
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and f(f(1/x)) = (1-(x-1))/(1+x))/(1+(x-1)/(1+x)) = 2/2x = 1/x
=> f(f(x)) + f(f(1/x)) = x + 1/x
= (Vx-(1/Vx))* + 2
R.H.S. = 2 + a positive number > 2
so f(f(x)) + f(f(1/x)) > 2
Example 14:
Let A =R -{3},
B=R-{1}, letf: A-> B be defined by f(x) = (x-2)/(x-3). Is f bijective? Give reasons.
Solution:
(a) Let us test the function for injectivity
Let xi, X2 € A and f(x;) = f(xy)
=>( X1-2)/(X1-3) = (X2-2)/(X2-3)
=>X; = Xp
Therefore f is one-one function (injective)  ......... (1)
(b) Let us test the function for surjectivity
Let y be any arbitrary element of B and suppose there exists an x such that f(x) =y
(x-2)/(x-3) =y =>x = (3y-2)/(y-1)
sincey # 1, x is real
Also, x # 3, for if x = 3, then 3 = (3y-2)/(y-1)
or3y-3=3y-2=>-3=-2,which is false
Thus x = (3y-2)/(y-1) € Asuch that f(x) = yi.e. Yy € B, we have x € A.

and so f is surjective
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This proves that f is bijective.
Tricky Examples
Example 15:
Show that if an odd function is invertible, then its inverse is also an odd function.
Solution:
Let y = f(x) be an odd function
Then
f(-x) = -f(x) = -y
Since it is invertible, so we can write
x =g(y)
Where g(x) = f* (x)
Consider,
g(-y) = g(-f(x))
= 9(f(-x)) = -x = -g(y)
So g(x) is also an odd function.
Example 16:
Sketch the graph of each of the following functions
(a) f(x) =x*-2x>+3
(b)  f(x) = 2x/(1+x?)
(c) f(x) = sin2x - 2sinx.
Solution:

(a) y=f(x)=x*-2x>+3
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(i) Domain of f(x) is R
(i) f(x) is even so graph will be symmetrical about y axis.
(iiy=x*-2x>+3 = (x*-1)* + 2.

So minimum value of y is at x> = 1(x = + 1).

(iv) When x = 0 the value of y = 3
The graph of the function is as shown in fig.
(b) y = f(x) = 2x/(1+x?).

(i) Domain = R

(ii) f(x) = -f(x), so function is odd the graph is not symmetric about any axis but
symmetric about origin.

So it is sufficient to consider only. x > 0

(iii) y = 0 when x = 0 there is no other point of intersection with co- ordinate axes.

=1

(iv) As (x - 2)°>0

=>x*>+ 1> 2x
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So 2x/(x*+1) < 1 and equality holds at x = 1. Also from 0 to 1 the function increases and
from 1 to a it decreases. So the graph is as shown in fig.

(c) y = f(x) = sin® x - 2sinx
(i) Domain of y is R
(i) 0<(sinx-1)?<4
=> 0 < sin’ x - 2sinx + 1 < 4

=> -1 < sin® x - 2sinx < 3

A

n -2 0 Q j 32 T

(iii) f(x) has period 217 so it is
Sufficient to draw the graph for domain [0, 2TT]
(iv) y=0forx =0, nTl
Note : More about increasing/decreasing we shall study in Module 5.
Example 17:
Solve (x)? = [x]* + 2x
Where [x] represents greatest integer less than or equal to x.
(x) represents integer just greater than or equal to x.

Solution:
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Method 1:
Casel:
Letx=nel
=> Given equation becomes:
n’=n’+ 2n
=>n=0
Case II:
Letx el
h,e.n<x<n-+1
Given equation becomes:
(n-1)> =n? + 2x
=>X=n+1/2,n¢el

Therefore x =0orx=n+1/2; nel

Method 2:
Casel:
xE1

x = [x] + {x}; where {x} represent fraction part of x.
x = (x) - (1-4{x})

(x +1-{x})? = (x - {x})? + 2x (Using given equation)
=> (X +1-{x3})+1+2(x-{x})=(x-{x})*+2x
=>1-2{x}=0

=> {x} = 1/2
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X=n+1/2,n¢el
Also, x = 0, by observation.
Example 18:

Find the set x if the function f:[2, a] -> x where f(x) = 5 - 4x + x? is bijective.
Solution:
y=x>-4x+5
=(x-2)+1
Whenx =2,y =1
As xeg[2,a)theny € [1, a]

Therefore Set X = [1, a)
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