Class XI Chapter 13- Limits and Derivatives

Mathematics

Miscellaneous of chapter 13

Question 1:
Find the derivative of the following functions from first principle:

(i) = (i) (=)™ i) sin (x + 1)
CDS[X —E]
(iv) 8

Answer :
(i) Let f(x) = —. Accordingly, f(x+h)=—(x+h)

By first principle,
f(x+h)-f(x)

t'{x}=!imu -
:“m—{x+h}—{—x]
h—l} h
. —Xx—h+x
=l
h—slh h
= lim—
= |y
=}i|t&[—l]=—l
. 1 -1 f hi= -1
f(x)=(-x)"=—="" (x+h)
(i) Let —X X Accordingly, (x+h)
By first principle,
flx+h)-f
fr{xJ:!i%M
1 -1 [—P
=lim— - —
h=0h| x+h :-s;J
.1 =1 1}
=lim— +—
h»0h|x+h x
. 1] —x+(x+h)
=lim—| —————=
h-*”h_ x{x+h)
. l_—x+x+h
=lim—| —
= | | x{x+h]]

Page 1 of 58



Class XI Chapter 13- Limits and Derivatives

Mathematics

] h
=lim—| ————
h—0 [y [x{x+h}:|

= lim————
huf'}x[:xﬂl}
N N
XX X

(i) Lot fx) = sin (x + 1). Accordingly, | (X * 1) =sin(x +h+1)

By first principle,

or 18 f‘(.\'+h]—f{x)
f{.\}—ll.umf

N .
= Ll_IRF[sm[x+h+|]—sm(x+ )]

| X+h+l+x+1Y , {x+h+1=-x-1
=lim— 2::05[ ]sm )
h—sn | 2 2
1 2x+h+2% . (h
= lim—| 2cos| ——— |sin| —
b= g 2 2

2x+h+2 _‘“"{%J
ST

= lim| cos

li—i1

h—l)

&

2x+0+2 (. sinx
= 05| ——— |1 lim =1

9 iy

=cos(x+1)

f[x}:cos[x —E]
(iv) Let 8

By first principle,
f(x+h)-f(x)

. Accordingly,

£'(x) = lim

h=si}

L1 ) s
=lim—| cos x+h——|—c05 K==
h—0 |y g}, g

. h]
sin| — -
= Ii|1u:(:5(¥}!.in1—2 As h —>{]::=]E1—>{]:|

f{x+h}:cns[x+h—§]
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(*+h—ﬂ+x—n] Xx+h—"—x+"
— lim—| =2sin~ 8 gsm 8 8
h—;llh 2 2
| 2X+h—z
=lim—| =2sin| ——— |sin—
h—+0 |y 2 pi
| \
B I N h*
2x+h—— sm(—J
= lim| —sin A
h—+0 2 (E]
i 2
- , . _
Ix+h-" sm[—] .
= lim| —sin Jlim Ash—=l=——=10
b+ 2 E*'[E] 2
L \ ) 2
ax+0-%
= —sIn |
f x]
=—sin| X —
X%
Question 2:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (X + a)

Answer :

x+h)=x+h+a
Let f(x) = x + a. Accordingly, f[ ]
By first principle,

f(x+h)-f(x)

f)=lm=—
lim x+h+a—-x—ua
_.'l—rl.'l h

: [hJ
=lim| —
h— h

=lim(1)

hi—0
=1
Question 3:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

{px+q}[£+.s']

fixed non-zero constants and m and n are integers):
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Answer :

uetf{x}={px+q}[§+a-]

By Leibnitz product rule,

f(x)= [p.r+q](£+s]' +[

s L

={px+r;]("f"“)r+[£+f][P}

X

roo :
— +
I+3J{px q)

:{px+q](—m'3]+[§+x]p
={;JI+Q][§J+[£+-¢];J

SPGB
O X
= ps—q—f
e
Question 4:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Answer :

Lot fx)=(ax +b}(cx+d}:

By Leibnitz product rule,
S'(x)=(ax+b) .:r (ex+ d]: +(ex+ d}‘? ;i (ax+b)

1 d

= (a:r—r b}i(c':x: + 2ol + a’:)+ [c‘x + d] IIm'+ !:rll

dx E

d poq Il d . 2 o
= b X 2edx d” 4+ d )
(ax+b) x(c‘x ]+r;i1‘{ c ]+dx }+{c1+ ) [d;r

=(ax+ b](Ecz.r+2e:‘d)+[r."x+d3]a

=2c(ax+b)(cx+d)+a(ex+d)’

Question 5:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

ax+h

fixed non-zero constants and m and n are integers): ¢X +d

Answer :

f(x)

Let Cex+d

_ax+h
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By quotient rule,
{cr+a’} [ax+b} {ax+b} {c:.+d

(ex+d)
(ex+d)(a)-(ax+b)(c)
(cx+d)
acx + ad —acx = be
- {c.r+a’}:

_ad—bc
R (cx+ d}z
Question 6:

f(x)=

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers):
l

I+—
X
l—]
X
Answer :
1_'_l x+1
Letf[x}= XX =x+l where x =0
]_1 v=1  x-1
x X

By quotient ruIe
—l) {x+]} {x+| —l)
(x=1)’
GO CE) (U
(x=1)

x=1=-x-1

=  x=0,1
(x-1)
N R
(x=1)
Question 7:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

1
. . 2
fixed non-zero constants and m and n are integers): €% +hy+c
Answer :

f(x)=

Let ax +bt+r
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By quotient rule,

(mc3 + bx+c): (1)- :; (ax: +bx+c]
» B

7'()=

[ax? + by + c:):
(ax: +bhx +c]{{}]—{2m:+ b)

{crx? +hx + ::'}:

3 —[2(:x+b]
(ax: + bx +c]_
Question 8:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
ax+h
fixed non-zero constants and m and n are integers): PX¥ T§xX+r
Answer :
ax + b
Letf(x)=———
PXT +gr+r

By quotient rule,

2 a d .
f,(x]=(ﬂx +Qx+r]£{ux+b}—(ax+:‘3)a[px +qx+r)
(px* +qx+r)

(px* +qx+r)(a)—(ax+b)(2px+q)
(px: +gx+ r}:
_ apx” +agx +ar =2apx” — agx - 2bpx —bgq

( px’ +qgx + r]:
_—apx” —2bpx+ar —bg

(;11-3 + g +r]:
Question 9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

pxt Egx+r
fixed non-zero constants and m and n are integers): ax+b

Answer :

: pxt +gx+r
Lt ()=

By quotient rule,
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d N i
(ax+b) rh-{m +qx+r)—(p,r +qr+r) dx[mﬂh}

£(x)=

(ax+b)
(ax+b)(2px+q)—(px* +qr+r)(a)

- (ax+bY

_ 2apx® + agy + 2bpx + bg — apx” — agx — ar

- (ax -|~1’1}2

_apx” +2bpx+bg —ar

B {ax+ b}j
Question 10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are

a b
———+4cosx

fixed non-zero constants and m and n are integers): ¥ &

Answer :

o

Let/f(x) :F—%ﬂ:ns.r

wp o d | a d(by d )
/ {'1]_{.51{[.1‘4] d.\‘[.r:J+ u’,r{cnsj}

_od gy g d oy d )
—.:.rm‘{:r } hdv(ﬂ. }+{ﬁ_{cns:«}

=al—4x 5}—h[—3‘..r '1]+|’l—sin x) [:r—f[.r” )= nx” ]andi[cas.r] = —sinx
X

dv

—da 2h .
=—+—-5Inx
X X
Question 11:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers): 4"‘;; -2

Answer :
Let f(x)=4x -2
71(x) =2 -2) == (435)-2(2)

dx
I 1
- 4i[x1]—l)=4 lx!"]
dx 2

{13

Question 12:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed
non-zero constants and m and n are integers): (ax + b)"
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Answer :

i

Let f(x) = (ax+b)". Accordingly. f (x+h)={a(x+h)+b] =(ax+ah+b)’

By first principle,

S(x)=1lim

h—al}

f(x+h)-f(x)
h

(m‘ +afr+h )" —(ax + h}”

=lim

et h
" h ! i
c+b)"| 142 —(ax+h
. (ax+h) [ H.'-.'+.F:I] (ax+h)
fis h
[1+ ah j“_l
=(ax+h)" lim= ”'T;_b
f1—i} i

H e I _] ¥
=(ax+h) hmi 1+ﬂ[ ah ]+n{” ][ ah J +...0—1
0 g ax +h |2 ax+b

( Using binomial theorem )

ah J+n{n—l]£r"h:
av+h |_2{|£.'.T+.h]1

=(ax+h)" lim - +”{”_1}“!h+”'
[T (cr.r+e"!} |2{|:.-.t+h}'

= [m‘+h]“ [(LI:'?I:'-FT} + D:|

=(ax+h)" lim 1 n[

Ll

+...(Terms containing higher degrees of /1)

sy

= nai ( aax +b}" [

Question 13:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)"

Answer :

Let f{l'} = {ax +b]” {f'l'+d]”'

By Leibnitz product rule,
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S =(av+b) Lexrd) +evrd) L(aces) (1)

Now, let f, (x) = (ex+d)"

fi(x+h)=(cx+ch+d)"

()= (x)
h

£ (x)=lim-

so—ald

{L‘.'ﬁ' +ch +d’}m —{c'r+u’}”'

=lim

Fi—alb h
=[c‘.1‘+u’]m ]iml [I+ 2 ]
-0 fy ox +d

[l+ mch m (m—1) (c':hz}1 +_._]—1}

= (cx +d} lmtlli

c1+uf 2 {L'x+u’]'

/ m{m—1)c' o
ey ) +...( Terms containing higher degrees of /1)

P |
=(cx+d) lim— =
( ) i h_[a.'x+u"] 2(ex+d)

= (m‘ +d )m lim

. me (JH—]}L J’:
ol (ex+d)  2(ex+d)

=(cx+d)" { - 7 +t}}

cx+¢

me(ex +d }'"
- (cx+d)
=me(ex + uf]m '

%{m‘+(.’]'" :mc(w:+d:|m_] ':?')

Similarly, —(ax+b) =na(ax+b)" w3
j ] =l
b3

Therefore, from (1), (2), and (3), we obtain
f(x)=(ax+b) {mf[cx+ d}'"_' } +(ex+d)" {na(ax+b}"_'}

=(ax+b)" (cx+d)" [ me(ax+b)+na(cx+d)]

Question 14:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
fixed non-zero constants and m and n are integers): sin (x + a)

Answer :

Letf[x} =sin(x+a)

Sf(x+h)=sin(x+h+a)

By first principle,
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_ flx+h)-1(x)
S o) =lin=—
sin(x+h+a)-sin(x+
— lim sin(x a} \m{\ af}
[y h
| (x+h+a+x+a) . (x+h+a-x-a
=lim ?Lﬂb| J mL
] h L 2 2
(2x+2a+h h
_Ilm— Emsk sin —J
=) h 2
5in E
i . (2x+2a+h) 2
= lim| cos| === 13
2)
’sin[EJ
5 _
=Iimms(h+“ +Iﬂlim z A:‘.h—ﬂ)::-h—)ﬂ}
)] 2 J 'I—_':_nl _:.\l i 2
_ \2)
(2x+2a [ sinx
= cos| | lim =]
'\. 2 _.'.'—-‘l X
= cos(x+a)
Question 15:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers): cosec x cot X

Answer :

Letf{x} = cosec x cot x

By Leibnitz product rule,
f'(x)=cosec x(cot x}' +cot x (cosec x}' (1)
Let f; (x) = cot x. Accordingly. f, (x+ /i) = cot(x+h)

By first principle,
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()i D)

Jr—el1 h

t{x+h)—cotx
:Hmcn(t )—cot x

f=nik

i cos(x+h) cosx
ey L sin{x+h) sinx

= lim—
0 sinxsin(x+#h)

1| sin(x=x-h)
= lim : ;
h=sis by _5][]‘3,‘5”] [,1[' + Jl‘:l

1 1| sin{-h)
=— lim—| ———~
sinx 4= k| sin(x+h)
=1 (. sinkj|.. 1
=——| lim lim —
sinx \ =0 k=0 sin(x+ h)

-1 1
LY
sinx | sin(x+0)

-1
sin” x

I [ sinxcos(x+#)—cosxsin(x +h}}

= —cosec x

~(cotx) =—cosec’x (2)
So(x+h)=cosec(x+h)

Now, let fo(x) = cosec x. Accordingly, * =
By first principle,

= liml[coscc[x+ h)—cosec x]

L=l
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l 1 1

=lim—| — -
B0 h[sm[x+h] smx:|
_ “ml’sin ¥—sm(x+ .FI}:|

W0 | sinxsin(x+ h)

oo x+x+h) . (x—x—h
2¢0s 'sin|
¥ 3

\, - A \ =

sinx 0 fy sin(x+ h)

__’ [1‘:+h] : [—h]
2¢os sin
1 2 2

sinx 0 fy sin{x+ h}

[ [21 +h]
—sm
= lim s

sinx o [ ] sin{x+h)

ol el

r
sinx -0 ( "—"' sin(x+h)

Nlb

el
-

[ 2x+ UJ
Ccos
-1 | 2

sinx  sin(x+0)

\—Jidlb

-1 cosx

SINX SINX
=—Ccosecy.coty

- (cosec .‘r]‘ =—cosecy.cot ¥ (3)

From (1), (2), and (3), we obtain
f"(x) = cosec x(—cosec’x) + cot x(—cosec xcot x)

3 y.J
= —cosec’ x —cot” ¥ cosec x
Question 16:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

COs X

fixed non-zero constants and m and n are integers); 1+sinx

Answer :

COs X

f(x)=

Let 1+sinx

By quotient rule,
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) (1+sin x}%{cos,r)— (cosx) %(1 +sinx)

f(x)=

_ (1+sinx)(—sinx)—(cosx)(cosx)

(1+sinx)’

(1+sinx)°
—sinx—sin’® x—cos’ x
(1 +sinx}3

—sinx—{ain: X +Cos” x}

-

(1+sinx)
_ —sinx—1
- (1+sinx)”
_ —(1+sinx)
B (1+sin x)’
—1
B (1+sinx)
Question 17:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
5IN X 4+ COS X

fixed non-zero constants and m and n are integers): SIn.¥—CoOs.Xx

Answer :

5N X +cosx

Let sin x —cos x

By quotient rule,

SN X —COS X a Sinx+ cosx)—(sinx+cosx d SINX—Ccosxy
dx

(%)= &

[Hil‘l X =008 _'r}:

~ (sinx—cos x)(cos x—sinx)~(sinx + cos x)(cos x +sin x)

(sinx—cosx)’
—(sinx- cosx)’ —(sinx+cosx)’

(sin x - cos x)’

—[Sin' THCOS X — 25N CcosX+ 5N X4 cos” x4+ 28inxcos .r:l

{Sin X —C0s Jr}:

~[1+1]
(sinx—cos x)°
iy |

(sinx —cos .T):
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Question 18:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
secx—1

fixed non-zero constants and m and n are integers): 5€¢X +1

Answer :

secx—1

flx)=—"——

Let secx+1
1

1
}‘_[I}=c03x _]_CGSI

1 L1 1+cosx

cosXx

By quotient rule,

(]+ms‘,x]i[l—max}—{l—mﬁx} d (1+cosx)

f’ ¥)= d,x
(x) (1+cosx)’
B (1+cosx)(sinx)—(1-cosx)(-sinx)
- {I+cus.<x):
_ SINX + €08 X Sin X + Sinx —Sin X cos x
{l+cosx]:
~ 2sinx
{]ﬂ:m';x}3
2sinx  2sinx
- 3 2
[l+ ] J {secx‘+l}
sec.y sec” x
~ 2sinxsec x
(secx+1)
2sinx
secy
_ cosY
(secx+1)
_ 2secxtanx
{sccx+]}:
Question 19:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
fixed non-zero constants and m and n are integers): sin" x

Answer :

Lety = sin" x.
Accordingly, forn =1,y = sin x.
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v

S = C05X, LB, —SINX=C0sX
alx

Forn=2,y=sin’x.

dav d . .
S == =—(sin xsin x}
dx dx

=(sinx) sinx +sinx(sinx) [B}' Leibnitz product nl]e]
= COSXSiNY+sinxcosy
= 2sinxcosx (1)

Forn=3,y=sin®x.

Ay _d

..E:—(Hﬁliﬂ'ﬂ .1)
= (sinx) sin’ x +sin x(sin’ J.‘]r [ By Leibnitz product rule |
= cosx8in” x +sin x(2sin x cos x) [Using [l]]

= cosxsin’ x+2sin’ xcosx
=3sin’ xcosx

{,' n ]_ N | [N
—| 5N X )= HMH5IN XCO5 X
We assert that &%
Let our assertion be true for n = k.

i{sin* x}:ksin[t_”xcnsx -(2)
i_e., X
Consider
{s'm*" x] _d (sin_w.jn‘ x)
fx dx
= (sinx) sin* x+sin x(sin x}r | By Leibnitz product rule|
= cosxsin’ x +sin x(ﬁ- sin' ™" xcos _,,-) [Using [2]]

=cosxsin' x+ksin' xcosx

=(k+1)sin" xcosx
Thus, our assertion is true forn = k + 1.
—(sin” x] =nsin'" " xcos x
Hence, by mathematical induction, dx
Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
a+hsinx

fixed non-zero constants and m and n are integers): ¢ +dcosx

Answer :

Letlfl:'x} _a +bhsinx

c+dcosxy
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By quotient rule,

(c+dcos x]%[aﬂ‘rslﬂ x)—(a+bsin x]%[c+ d cos x)

f'(x)=

(c+dcosx)
_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(e+ a‘-:t:rs,!:]3

cheosx+bd cos® x+adsin x+ bdsin® x

(¢+dcosx)

he cos x + ad sin x+b.r.-‘(::0.f-'.3 x+sin’ x}

(c+dcos x}:

_ beeosx+adsin x+bd

(c+dcos x]!
Question 21:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
sin(x+a)

fixed non-zero constants and m and n are integers):  €08X

Answer :

f(x)=S004a)

Let COS X

By quotient rule,

cos .r%[sin{x+a]]—sin(.x+ a)% cos X

f(x)=

cos” x

e, . ]
-.:n:-s,r:;[sm{x+a]]—sm[x+n}{—smx} 0

f'(x)= N

cos’ x
Let g (x)=sin(x+a). Accordingly. g (x+h) =sin(x+h+a)
By first principle,
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g(x+h)-g(x)
i

—]1111—|:sm A+h+a sm 1+a

Jr—sli
=lim —[
Ji—sl) h

= |1m—|:2 ~.1n J:|
Jr=pld h
} .=
. [2x+ 2a+h LE
=lim| cos
Jrenli ’i “l
[2

1+h+a+1+a r+h+a—r aﬂ

AR |
{3

2x+2a
2

ﬁr
sm — .
:Iimc«nt.LZJHMMI Aﬁh—}ﬂ:::-h—}ﬂ:|
Jr=nl} | 2
E
2x+2a . sinh
=| cos x lim—— =1
2 | At
=cos(x+a) . (i)

From (i) and (ii), we obtain
cosx-cos(x+a)+sinxsin(x+a)

S'x)= -
cOs X
_cos(x+a—x)
cos” x
cosa
cos’ x
Question 22:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos X)

Answer :

Lt Sx)=x"(5sinx—3cosx)
By product rule,

f(x)=x" %[ﬁin _w—3::051)+{5$il11'3‘3“-‘”*']%(14}
=x' [5i{sin x}—3il{cm_ﬂ} +(Ssinx _3‘3‘3“}i[14}
el dlx dx

=y [50031-—3[—sin x}:|+{55in x—3c05x}(413}

= x' [5xcosx+3xsinx+20sin x—12cos x|
Question 23:
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Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (x* + 1) cos x

Answer :

Letf[x}=(x: +I)cosx
By product rule,

* 2 d d a
f{x]=[x +I)E{cosx]+cosx—(x +I}

dx
- (x: + [](—sinx}+ cosx(2x)

=—x'sinx—sinx+2xcosx
Question 24:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
fixed non-zero constants and m and n are integers): (ax* + sin x) (p + g cos X)

Answer :

Letf{x} =(ax’ +sinx)(p+gcosx)
By product rule,
fx)= [mcl +sin x)%{;:w geosx)+(p+g msx]%(m" +sin .1')
dr

= (arz +sin .r](—q sinxy)+( p+geosx)(2ax+cosx)

= —gsin x(m‘z +sin x}+{p +qecosx)(2ax +cosx)
Question 25:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
(x+cosx)(x—tanx)

fixed non-zero constants and m and n are integers):

Answer :

Letf[x} =(x+cosx)(x—tanx)
By product rule,

S(x)=(x+cosx) ;;_ (x—tanx)+(x—tanx) i (x+cosx)

=(x+ msx}[%{x}— %(tun x}} +(x—tanx)(1-sinx)
=(x+ CDSI}[I—%tan x}+(x—tan x)(1=sinx) (1)

Letg{x} = fanx . Accordingly, g(x+h} =tan {'T +h)

By first principle,
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x+h)—o|:
g'(x)=lim glx+h)-g(x)
Ta—wl] }?
:“n{tﬂn{x+h}—tan.ﬂ
h—ld f-ll J

im 1 [sm{x+h} B mnx}

i h| cos(x+h) cosx

.1
=lim—
h—= h

I lim I{sin{x+h—x}]

sin (x + /1) cos x = sin x cos (x + /1)
cos (x+ i) cosx

Ccosx onh| o cos(x+h)

1 o sin fr
—,I]]TI— _—
cosx =0 fr| cos{x+h)

. ¢ %
| Cosinh | I
| lim J lim
Cosx | b h =i I:'DS{I +h}
_ | l
cosx  cos({x+0)
|
Cos” ¥

=sec’ x (i)
Therefore, from (i) and (ii), we obtain
£'(x)=(x+cosx)(1-sec’ x)+(x~tan x)(1-sin x)
=(x +cc:s:r}(—tan: .r)+ (x—tanx)(1-sinx)
=—tan’ x(x+ n;:r.}s;x] +{x — tan r){l —5in x]
Question 26:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
4x+5sinx

fixed non-zero constants and m and n are integers): 3% +7¢cosx

Answer :

_ 4x+5sinx

/(%)

Let  3x+7cosx

By quotient rule,
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(3x+7cosx) : (4x+35sinx)—(4x+35sinx) jx{i’nx +7cosx)
X

I'(x)=

(3x+7cosx)’

(3x+ Tmsx}[%l d (x)+5 d {sin_r)}—(4x+55inx}[3 A cns_r}
_ dx dx dx alx

=

(3x+7cosx)
(3x+Tcosx)(4+5cosx)—(4x+35sinx)(3—Tsinx)
(3x+7cosx)’

~12x+15xcosx+28cosx+35¢c0s” ¥ —12x+28xsinx —15sinx+35sin” x

{31 +Tcos _1']2

15xc08x + 2808 x + 28xsin x —15sin x +35[c05: x+sin’ x)

(3x+7cos x)
_ 35+ 15xcosx+28cosx+28xsinx —15sinx

(3x+7cos x]:
Question 27:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are
fixed non-zero constants and m and n are integers):

) T
x°cos| —
4

sinx

Answer :

N n
X7 cos| —

[4]
Let’ sin x
By quotient rule,

ood s d .
smxdx{x )—_rz dx[sm x)

Sf(x)= cos%.

sin” x

. z
T sinx-2x—x"cosx
sin® x

Xcos : [2sinx - xcos x]

- sin’ x

Question 28:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are
X

fixed non-zero constants and m and n are integers): 1+tanx

Answer :
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X
Letf[x}— I+ tan x
d d
l+tanx)—(x)-x—(l+tanx
oy ) ()5 (1 an)
(I+tanx)
{) (I+tunx]—_1'-;i(l+tanr] i
fx)= - i
(1+tanx)

Let g(x) =1+ tan x. Accordingly, g{r+ h)=1+tan(x+ .ﬁ'}.

By first principle,
g(x+h)-g(x)

()= £
_ !jm{Htan{_r+:)—]—tanx}

= lim—

1 _ﬁiﬂ(l' +hr) ~sinx
=+ fp _mﬁ{x | h] cos Y

= lim—
It fy cos(x+/)cosx

Sl sin(x+h-x)
= lim—
=l _,;}05{1+P;)cﬁ$1

L1 sinf
=lim—
b0 i | cos(x+ h)cosx

| sin(x+h)cosx—sinx cos(x+h}]

. sinf )| 1
= lim | Tim
=0k et cos(x+ ) cos x

=sec’ x

== -
COs™ X

:}i{l+tunx}=sec3:{ ... (11D
AN
From (i) and (ii), we obtain
y |+ tan x — xsec’ x
£(x)= :
(1+tanx)

Question 29:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

fixed non-zero constants and m and n are integers): (x + sec X) (X — tan x)

Answer :

Lot f (%)= (x+secx)(x—tanx)
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By product rule,

S(x)=(x+sec :«']%[:r—tan x)+(x—tan A‘}%[x +secx)

= [x+sccx}[£{x]—%tan x}+{x—tan .1'}[%[1“%5% .1'}

Ay

= [x+scc,\-}[l—diran x}+{x—tan x][l+ iscc :x} (1)

Let f, (x) =tanx, f,(x)=secx
Accordingly, f,(x+h)=tan(x+h) and f,(x+h)=sec(x+h)

I (x]:.jjn[ﬂ{x+ﬁi—ﬁ{x)J

Ti=ll

_ Ii'ﬂ(tﬁn(x-i— h}—tan.‘r}

Ji—pii h
tan{x+h)-t
=Iim[ an(x+h) unx}
h—s) h

=lim

[ sin(x+h) ~ sinx
=0 h| cos(x+h) cosx

1 sin (x+h)cosx—sinxcos(x+h)
0 p| cos(x+h)cosx

1| sin(x+h-x) }

b=+ fr| cos(x+ h)cosx

I sinhr
=lim—
1= h| cos(x +h}c05x}

. sinh (. I
= hm——1.| im
b0 )| e cos(x+ h)cos x
|

4
cos™ X

=1x =sec’ x

d : .
= —tanx =sec X 1)
dx
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S (x)= lim[ IR Sir {1)]

Nl \ .Irj

_ Iim( sec(x+/h)—secx ]

Tr—0)

I

] | 1
=lim— -
=0 i | cos (x4 i) cosx

1| cosx—cos(x+h)
= lim— :
w0 i cos(x+h)cosx
I . [.‘.‘+1‘+fo] . [rw.\'—-h]
—2zin «&8ln
11 2 2
- dim— -
cosx il i cos(x+4)
I " [anJ . [’—fs‘]
—2sin - |51 -
| 2 L 2
= Jdim—
cosx 0 fr cos(x+/)

1 .
= Jdim
cosy hon cos(x+/)

I lim sin [ P \| :
lfr. 0 2 )

‘ . [a’:”
sin =

!11:: ho
= 9

=secx. :
limcos(x+/)
dr—ll
_ sin x. |
" cosx
e
— —seCcxy=secxtany . L)

dx
From (i), (ii), and (iii), we obtain
f'(x)=(x+secx)(1-sec’ x)+(x—tan x)(1+secxtan x)
Question 30:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are

X

)
fixed non-zero constants and m and n are integers): 510 &
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Answer :

()=

Let ~sin"x
By quotient rule,

=K d' d o
5M XY—X—X—5In X

f'(x)= d.ll __dx

—sin" x=nsin"" ycosx
It can be easily shown that dx

Therefore,

o, d d .,
sin"x- - x—x sin"x

f(x)= dx dx

sin®" x

sin” x.1- x(n sin"”"! xcos x}

sin"™! x{.ﬁin X — HXCOS .\"}

- 2
sin™" x
~ SINX =AY COS X

sin™! x
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EXCERSIE 13.1 SOULTIONS

Question 1:

limx+3
Evaluate the Given limit; ***

Answer :

limx+3=3+3=06

X—33

Question 2:

—n

lim [x ——]
Evaluate the Given limit: " 7

Answer :

. [ 22] ( 22]
lim| x——|=| n——
X 7 7

Question 3:

limm
Evaluate the Given limit; =

Answer :

limnr® =n {I }] =7

r—l
Question 4:
4x+3

lim
Evaluate the Given limit: *** ¥—2

Answer :

_ 4x+3 4(4)+3 16+3 19
lim = = =

o x—2  4-2 2 2
Question 5:
lim P |
I ———
Evaluate the Given limit:**'  x—1
Answer :

X +x"+]_{—]}m+{—l]5+l_1—1+1__1

limr
e | -1-1 -2 2
Question 6:
5
x+1) =1
P )
Evaluate the Given limit; *~" X
Answer :
5
x+1) =1
lim 1) =1
vl X
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Putx+1=vsothatv —1asx— 0.

5 )
. B E R0 R U e |
Accordingly, Iun[ } =lim~
w=pel} X p=te] :l:_l
R
=lim-
=y =1
R B -
=51 lim = na"!
ra y— g
=3
o (x+5) -1
|1m¢=5
Tl x
Question 7:
. 3x—x—10
lll'l'l]—
Evaluate the Given limit: *** X" —4
Answer :
)]
0

At x = 2, the value of the given rational function takes the form
. ¥ —x—10 . [(x=2){3x+5

- lim2 . = Ilm( I )

=l X —4 ¥—=2 {x—2}[_1‘+ 2]

Question 8:
. x' -8l
lim—————
Evaluate the Given limit: *** 2x" —3x—3
Answer :
0

At x = 2, the value of the given rational function takes the form 0,
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o —8] ) {x—3](x+3}(x:+9}

2 lim = lim

3 2xT =5x-3 = (x-3)(2x+1)
(x+ 3](13 +9]
el 2x+1
(3+3)(3° +9)

2(3)+1
_ 6xI8

bt |

Question 9:
lim ax+h
Evaluate the Given limit; " €x +1

Answer :

h.max+b _a(ﬂ]+._h
=0 ex 4+l c(0)+1
Question 10:

=h

|
z¥ -1
|

lim

2l
Evaluate the Given limit; zt =1

Answer :

I
=+ _]
i

=zt -]

lim

z—|

0

At z = 1, the value of the given function takes the form 0
1

Putz® =X sothatz —1as x — 1.
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. L oZF -1 . x -
Accordingly, lim———=lm
ey | - v—s| x—
ot =
=lim
x—+l X-
i i
. . x'—a _
=21 |:]IIT1 =na" '}
s 11 T'r_a
=2
1
slim = ——=2
==l -
=t =]
Question 11:
. axt +bhx+e
lim————,a+bh+ec=0

Evaluate the Given limit: **' €x” +bx +a

Answer :

ar’ +bhr+c u[1}2+h[l}+c'
vl ox’ +hy +a .;-(l]: +h(l]+a

_a+b+c

Ca+h+e

=1 [(r+h+ﬂ;tﬂ]
Question 12:

I
+

lim x 2

Evaluate the Given limit: **2 X +2

Answer :

1 1

+
|imu
¥=—2 x+2

==

At x = =2, the value of the given function takes the form

11 (2+x]
+’J 2x

Now, lim *—= = lim
x—=2 _1['_4_2 -1 ."L'+2-
= lim L
x—w=2 ZI
_ 1 B -1
2{—2} 4
Question 13:
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. sinax
lim
Evaluate the Given limit: *** b
Answer :
. sInax
lim
=] bx
0
At x = 0, the value of the given function takes the form 0
.osingx . sinax ax
Now, lim =lim ®—
a=pdl hx =l a_r hx
. sineax I
= |||1‘|[ ]x[—]
y—add U.r h.
a .. in
=—||rn[5 GI] [x—}ﬂ:}m;—}ﬂ]
h ar—sil ax
a . siny
=—x] lim L |
h =il J‘I
_u
b
Question 14:
. sinax
l_lm - L, h=0
Evaluate the Given limit; **° Sin bx
Answer :
. sinax
lim — La, h=0
i gin by
]

At x = 0, the value of the given function takes the form 0
™

s5in ax
= ax
[ ax J

.osinax .
Now, lim— =lim——
w1 gin bx *—'“| smbl'%h
b il‘ﬂ' A .
“m(sinm'w
_'KENX"-*‘-’”\ ax x—>0=ax—0
\ J Iim(ﬂinbr\' andx = 0= hxr—=>10
o r':'.\ f}x J
Iy | . sinwv
:( {]x lim o
Vb 0y
_a
h
Question 15:
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lim sin(m—x)
Evaluate the Given limit; n(n-x)
Answer :
lim sin(m—x)
K—*T0 n{n — .‘l'.:l

Itisseenthatx » m= (T—%x) - 0
sin(m—x) | fim sin (- x)

KT T':[Tr—":} _nb{:—t'l—tll (n_x]

L {umﬁ'” :1]

=} W
-

Question 16:
1.- COs X
mm
Evaluate the given limit; " ®—x
Answer :
i cosx  cosl 1
1 = -
xll T—X ﬂ_{] T
Question 17:
lim cos2x-1

Evaluate the Given limit; **® cosx—1

Answer :
. cos2x-1
lim—"—o—
vl cosx —1
0
At x = 0, the value of the given function takes the form 0
Now,
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. eos2yx—1 . 1-2sin’x-1 X
lim =lim cosx=1-23sin 5
el " i} . o= X
cosx -1 I-2sin" _~1 -
(sin: ) ,
R . XX
= lim = lim—
=l . 4 X =¥l
mn- 3
sin 2
X
= |
xh 1
2

Question 18:

. X+ XC0SX
lim————

Evaluate the Given limit: **"  bsinx

Answer :

. ar+ xXcosxy
lim —————
=0 hsginx
0

At x = 0, the value of the given function takes the form 0
Now,
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. ax+xcosxy 1., x[a+cuax}
lim—————=—lim—
=0 hsiny b w0 sinx
| . x )
=—lim| —— |« lim(a+cosx)
b.‘r—-«'} s5IN XY a0
| | )
=—x—————xlim(a+cosx)
h ( 51N .1'] x—ld
lim
r—+0 x
| . sinx
=—x(a+cos0) lim =1
b ¥l oy
Ca+l
b
Question 19:
) ~ limxsecx
Evaluate the Given limit; =—¢
Answer :
. . X 0 0
limxsecx =lim = =—=)
v-all 0epsy cos( ]
Question 20:
. singx+hx
lim——————— g, h,a+h=0
Evaluate the Given limit; **" @x +sin hx
Answer :
0

At x = 0, the value of the given function takes the form 0
Now,
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_ singax + by
lim——
il gy +5in by

510 ax
[ ]m' + hx

= lim %
v ( sin bx
ax + h.rL

hx

. sInax
['][TI Jxllm{ar )+ lim b
ay—ll

_ ax - o [Asx— 0= ax— 0 and bx — 0]

_ _ . osinhy
lim ax + himbx| him

H—il =l Bt hy

K=l ] ¥ =pl}

lim (@ax )+ lim bx sin x
= []im\ - :I}

|l['|"| m‘+|1m b Ty

|J]T‘|{|:J'T +£u}

— x—l

IJm{m +bx)

w—pll

=hm(1)

=1
Question 21:

~_ lim(cosec x—cot x)
Evaluate the Given limit; «—¢

Answer :

At x = 0, the value of the given function takes the form® —%
Now,
]im[cnsec x—cot x)

x—il
~ cos r]
| x SITI.).

o
_ “m[ ~COS X ]
=

= lim

aewld

=0l siny

l—cosx )
=lim———=

=0 sinx
x J
. l—cosx
lim
T—sll ..T
. sinx
lim

el _x'

{Iimﬂ =0 and lim MY _ 1:|

w—al) X r—all X

= =
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Question 22:
. tan2x
lim
A n
T X=
2
Answer :
. tan2x
lim
D x - T
2
T 0
X=— -
At 2 , the value of the given function takes the form 0
T T
X=—==Y X—=>—, y—>10
Now, put . so that
F o)
tan2| y+—
. tan 2
s in =1 1
T vl
X .2 N—— :!l
B tan(m+2y)
- '.I—tﬂ W
_ Jjm 2023 [tan (7+2y) = tan 2y |
=lim . an(m+2v)=tan 2y
lim sin 2y
'--*“ yveos2y
= lim(
s-**\ 2y Lm 3‘}
r 3
sin 2y 2
= lim x]im[ v 0=2yv =10
| 21.—.'..I.| 2} J sl cos 21"] [“' - ]
2 . Sinx
= I‘.-( |||T1 r = I
cos() e x
=] E
=2
Question 23:
2x+3, =10
lim lim 3(x+1), x=0

Find “=* f(x) and *=' f(x), where f(x) =

Answer :

The given function is
{2.\: +3, xr=10
f(x)

C3(x+1), x>0
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-
3

3

lim f(x)= .ITi_|’II1?[2x+3]: 2(0)+3

K=l

lim £ (x) =lim3(x+1)=3(0+1)

#?.m f(x)=1im f(x)=lim £ (x) =3
fim £(x) = lim3(x+1) = 3(141) =6
]1_:1:1 flx)= 1:%3{“1}:3(”1] =6
s lim f(x) = lim f(x) = lim f(x) =6
Question 24:

lim

Find = f(x), where fo) = L% — 1 ¥>1

Answer :

The given function is

f[x}:{x:_]' x=1

—x =1L x>1

lim £ (x)=lim[+* ~1]=F-1=1-1=0

a—l
lim fx)= Iﬂll[—nr“ —I] =—I"-1=-1-1=-2
It is observed that lim f/(x)# lim f(x).
a—+l sl
Hence, |i1'r|1 f(x) does not exist.
Question 25:
H, x=0
X

lim B
Evaluate x>l f(X)’ where f(X) — ﬂe- xX= ﬂ

Answer :

The given function is

H, x=0
X
0, x=10

f(x) =
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lim f(x)=lim {@}

K-l x—wl¥
. [ =x . . .
=lim| — [Whenx is negaitve, |x|: —x]
a—sld x

= lim(-1)

A=+l

E: N
= - When x . x| =:
lim x] [ When x is positive, |x| = x|

It is observed that lim f(x)# lim f(x).

x—sl =il

Hence, lim f{x} does not exist,
J—elb

Question 26:

lim —
Find =9 f(x), where fo = (0> X0

Answer :

The given function is
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X
—, x=0
7 (x)=1
0 x=0
lim _}"{.‘r) = lim [H]
x=pll” el X
=lim [L:| [When x =0, |1.| = —.1::|
=il |
=lim [—I}
=-1
lim f(x)= 'i“l’ﬁ]
K—3iF a—ll X
=lim| = When x =0, |x| =:
I—I.]n:]r|::,.j| [ 1en x = |‘k| ‘{':I
= |_illr1{|}
=1
It is observed that lim f(x)# lim f(x).
a—ld x—el

Hence, lim f(x)does not exist.
a— "

Question 27:
li -
Find *5 f(x), where f(x) = -5
Answer :
. o -5

The given function is f(x) = :

lim flx)= lim |:|1 - S:I
=lim(x-5) [When x>0, |x]= x]
=5-5
=0

lim f (x) = lim (|x|-5)
=lim(x-35) | When x>0, [x]=x]
=5-5
=0

Lolim f(x)=lim f(x)=0
Hence, lim f(x)=0
Question 28:
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a+bx, r<l

4, xr=1

b—ax x=>1 im .
Suppose f(x) = and if =*! f(x) = f(1) what are possible values of a and b?
Answer :

The given function is
a+bx, x<I

flx)=14  x=I

b—ax x>1

I_i_-nl"lf (x)= 1m[u+br} a+h
h_Tf ]—]1m(h ax)=b-a
f(1)=4
Itis given that lim £ (x) = £ (1).
hm Fox ]_Inm f{ }_Il_il}?f[:c};f'{l}
:>u+b=4 and b—a=4

On solving these two equations, we obtain ¢ =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.

Question 29:
Let 9 a5 oo 9 e fixed real numbers and define a function
f{x}:{x_al }{x_af }'"{x_au}

lim lim

0 F ), Ty A

What is*™ f(x)? For some ™ compute 7 f(X).

Answer :

(1-a,)

The given function isf{x} =(x-a)(x-a,)..

)
!l_pﬂlj (T] = |||r1 [[.r—u,}[,r—u:]...[,\'—u” ]
=|:!_i2j [x_“|]i||:!_i':':': (r—a:]] I:!n:nl(r a, :|

)=0

=(a,—a)(a,-a)..(a-a,

Now, lim f (x) = lim[ (¥~ )(x~a.)..(x~a,)]

_ [!rm.:{A_ a, }][I_im (x—a, ]:|...[lim{x -a, }:|

X—*d I

=(a-a)a-a,)...(a—a,)
]im_,f'{-‘f}=(“_‘ﬂ}{“_“:)-"[”_”u]

R

Question 30:
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|x| +1, x=0
0, x=10
=1, x=
|ff(x)z|A » ¥>0

lim
For what value (s) of a does “*« f(x) exists?

Answer :

The given function is
|:r‘ +1, x<0

f(x}= 0, x=10

|:r‘ -1 x=0

When a =10,
lim Sf(x)= lim (|x]+1)
=lim(-x+1) [Ifx <0,

r—+il

.1'| =—X:|
=—(1+]

lim f(x)=lim (|x|-1)

=il x4l

=lim(x-1) [1fx >0, [ =x]

=0-1

Here, it is observed that lim f/(x)= lim /(x).

a—wll x—i)"

~lim f'(x)does not exist.

When a <0,

lim f(x)= lim {|x|+|]
:1im[—x+|] [x{r:{ﬂ:> |x :—x]
=—g+l]

lim f(x)= Iim{.r|+]}
=1im[—x+|} [a{x{ﬂ: |x =—x]
=—a+l

- fim 7 (x)= lin /() =-a+1
Thus, limit of  (x)exists at x = a. where a < 0.

Whena>0
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lim f(x)= lim (|x|-1)

K=+l A=l

=lim(x-1) [l}{ x<u:‘=|x|=.r]

X—¥Fdl

=a-1

lim £(x) = lim (|x[-1)

Kbl Tkl

=lim(x-1) [D{ a{x:>|x|=x:|

=a-1
c lim fx)=lim f(x)=a-1
Thus, limit of /' (x)exists at x = a, where a > 0.

lim f(x)
Thus, *— exists for all a # 0.
Question 31:
. fix)-2 .
lim=—"—=n limf(x)
If the function f(x) satisfies **' X" —1 , evaluate *~!

Answer :

lim f{}j)_z =1

L I T |

lim (£(x)-2)

x—»l

2
lim(x*-1)
2

R

= lim(f(x)-2)==lim(x* -1}

:,»1:'1;}(1:(3)—2.}:;:(\;4}
= 1\'12}“(3}—2}: 0

= Hmf{x}—lim2=[}
Nl x—#]

::»limf{x}—Z:{]

b |

. H -7
|\1IE'1I f[x} 2
Question 32:
mx” +n, r<0
Sx)=1nx+m, 0sx<l
3 . lim f(x lim [ x
+ |
If R, t . For what integers m and n does *=" [ ] and ! [ ]
exist?
Answer :

The given function is
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mx” +n, x<0
fx)=qnx+m, D=x<l
nx’ + m, r=1

lim f(x) = lim{mx® + n)

w0 K=+l
=m(0) +n
=H

lim f(x)=lim(nx+m)

T ¥—0
=n(0)+m
=m.
limf(x)
Thus, exists if m=n.

lim f(x)= Iin'll{nx+m}

x|
=n(l)+m
=m+n

lim f(x)=1lim (m"1 +m)

_— 1=l /
= n{l}J +m

=m+n

o lim f (x)=lim f(x) =lim £ (x).

lim f(x)

Thus, = exists for any integral value of m and n.
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EXCERISE 13.2 SOULTIONS

Question 1:
Find the derivative of x* — 2 at x = 10.

Answer :

Let f(x) = x* — 2. Accordingly,
£(10+h)- £(10)

"(10)=lim-
£(10)=lim a
[(10+h) =2]-(10°-2)
= lim
Se—sl) h
. 10 +2.10h+H -2-100 42
= lim
Tpall h
. 20h+ W
= lim ———
Tpal) ;T
= L1m{2ﬂ+k}=(2ﬂ+ ﬂ]: 20
Thus, the derivative of x> — 2 at x = 10 is 20.
Question 2:

Find the derivative of 99x at x = 100.

Answer :

Let f(x) = 99x. Accordingly,
f{lﬂﬂ+h}—f{lﬂﬂ]

£'(100) = lim p
QOUIO0+ A )—-99(100
o 99(100+4)-99(100)
fi— h
B m@@xlﬂﬂ#)‘}h—gl}xlm}
S0 ;'_I
. 99k
= lim—
S—0 h
= lim(99) =99

Sp=l

Thus, the derivative of 99x at x = 100 is 99.
Question 3:

Find the derivative of x at x = 1.

Answer :

Let f(x) = x. Accordingly,
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Thus, the derivative of x atx = 1 is 1.
Question 4:

Find the derivative of the following functions from first principle.
(i) x> = 27 (ii) (x — 1) (x — 2)

1 x+1
. =
(i) X @v) Xx—1
Answer :

(i) Let f(x) = x* — 27. Accordingly, from the first principle,
flx +h)— f(_r]

f {x] - .Illi—I’&I;]i; h
[[x + h']3 - 2?}— (x" - 2?}

=lim

Jp=ald h

X +h +3xh+3xh X
=lim

Fp—a) h

. R +3x7h+ 3k
=lim

Tr=null

= ﬁm{h: +3x*+ 3xh}

Tr—0)
=0+3x" +0=3x"
(i) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,
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f(x)=lim

f1=wl}

Flx+h)=71(x)
h

(x+h=1)(x+h=-2)-(x-1)(x-2)

= lim

Tr—ail h
; (" +hx=2x+ hx + B =2h—x—h+2) - (5" - 2x—x+2)
= [im
fr—ail I
. (}M‘+:‘u+ W —2h— h)
=lim
fr =il h
_“mzhx+h3-3h
Je—ail h
= !_in(1|[2.r+h—3]
= {2x+ 0-3)
=2x—3
1
f(x)==
(i) Let X" . Accordingly, from the first principle,
vy Sx+h)=f(x)
f'(x)=lim 2
ol
— lim (_'r+:‘}]: x
=0 h

= lim—_—x:;{x * h}z
Rl X (x+h)

l __1;3 -x =k —th]

= lim— o

o hh x*(x+h)
,l-—#—zm
=lim—| —————

b0 B {x +h)

. —h=-2x
=lim| ———
il L“ I:_r+ .h]' ]

_ b-2x =2
W (x+0) ¥
f{x]l _ x+1
(iv) Let =1 Accordingly, from the first principle,
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Y r+a’:r I
f {.‘(’ _L 1 { h { ]
x+h+1 x+1
:Hm[r+h—| x—l]
h—s0 h

_ H (x=1)(x+h+1)—(x+1}(x+~-1)
=7 (x—1)(x+h-1)

_{:.;: +h.r+x—x—h—l)—[x: +h.r—:c+x+.r’r—l]
"-*'-‘a’r_ [.r—l}(:x+h—l}

= Iim]—_ ~2h
i fp _{.‘l.' —|)(x+ h— I]

_Ilm[ -2 }
0| (x —I](r+h—l}

=2
x —I}[A—l} {1—]}
Question 5:
For the function
10103 KL 2

FxX)= sttt xt

100 99 2
Prove that A { }_ 100/ {U]
Answer :

The given function is
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) xIIHJ -'J'-." ¥
=—+—+t..+—+3+]
f[x} 100 99 2 '
10} o z
if{) d[x +2 +..,+L+x+l]
dx ce| 100 99 2
d dx"™V d[x" d(x) d d
— +— — |+t —| — |[+—x)+—(I
&' )= a(mu} 4:[99} d‘r[i]-‘-ﬁﬁ{r] &)
On using theorem di(x”) =nx"", we obtain
X
—f }_IUUI 991'+ +E+I+{]

100 99 2
="+ x . x+]

f'[.r)=_'cw+xlm+...+x+l

Atx =10,
f'(ﬂ}zl
Atx=1.

)=+ sl =1 1 1] =1x100=100

IEHY Bermne
¥ _ 1
rhue 7 (1)=100%7'(0)
Question 6:

. . . T mn-1 x_n-% n—l L] i
Find the derivative of ¥ +&x +ax “+..+a X+4a for some fixed real number a.

Answer :
Let .f{.\f}=x"+ux” ! b+ d v+ "
fr("-}zdi{-‘f” rax"! +a’x" +.4+d" x+a")
I
= ::f{ ')+a ;;{ +at ;—i{‘-"'_z}+...+fr”_'%{1}+a” %{[}

. d o .
On using theorem d—.":” =nx"" . we obtain
X

F(x)=n""+a(n-1)x""+a (n-2)x""+..+a"" +a"(0)
=nx"" +a(n-1)x""+a" (n-2)x""+. . +a""
Question 7:

For some constants a and b, find the derivative of
X =

(i) (x — &) (x — b) (ii) (ax? + b)? (i) ¥~

Answer :

() Letf (x) = (x—a) (x—Db)
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= f(x)=x"~(a+b)x+ab
s (x) = di{x: ~(a+b)x+ ﬂh)
I
d d d
— { —(ah
()= (a+b)—=(x) +—=(ab)

) d . i
On using theorem d—{x" } =nx"", we obtain
X
f(x)=2x-(a+b)+0=2x-a—b

iy Lot £ () =(a +2)

= f(x)=a’x"+2abx’ +b°

‘r}— (a x'+2abx’ + b7 )= a:i(x*}+2abi{x:]+i

el

dx dx
H d [ se=l H
On using theorem d—x =nx"", we obtain
x
[(x)=a’(4x")+2ab(2x)+ b (0)

=4a’x’ +dabx

= dax(ax’ +b)
Let f(x)= E
(ii)

\\_._,r"'\-—-l"

== X
7 { d'r[
By quotient rule,

( )_(-t—b];i(x—a]—{x—a]i(x_b]
T (x—b)

_=D))-(-a)()
(x=b)
=x—h—x+ﬂ
(x-b)
_a-b 1
(x-b)

Question 8:

Find the derivative of ¥ —& for some constant a.

Answer :
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L "

X o—a

Letf(x)=

X—a

e

S dxl x-a
By quotient rule,

d . W oy d
e T
(v—a)

[.1'—.‘.!](.?11'“_J —l]')—(.‘r” —a")
(x—a)
nx" —anx"' —x" +a"
C (-a)y

Question 9:

Find the derivative of

lx—z

0 4 (i) 5%+ 3x - 1) (x = 1)
(i) X2 (5 + 3%) (iv) X° (3 — 6x°)
2 x

(V) X (3-4x70) (vi) x+1 3x-1

/(%)=

Answer :

=2-0

=2
(i) Let f (x) = (5x° + 3x — 1) (x — 1)
By Leibnitz product rule,

F(x)= [5:('1 +3_r—1)£[x— I]+(x—l)i(5f +3:c—1)

dv
(527 +3x=1)(1) +(x=1)(5.3x" +3-0)
= (507 +3x 1)+ (x = 1)(15x7 +3)
=5x" +3x—1+15x" +3x-15x" -3
=20x" —15x" +6x -4

(iii)) Let f (x) = x 2 (5 + 3x)
By Leibnitz product rule,

Page 48 of 58



Class XI Chapter 13- Limits and Derivatives

Mathematics

[ - 1 - 1 -3
f(x)=x" ;r{5+31']+{5+:x);r(x }

=X J[D+3}+{5 "‘3-*]{—3.:‘ 3 |}
=x (3] +{5 + 3.‘()(_3x—4)
=3y 15y 7~y

=—fx " -15x""
I

=-3x 3L2+£]
x
3y

X

(2x+5)

-3
- )
i (5+ -.r}

(iv) Let f (x) = x° (3 — 6x79)
By Leibnitz product rule,
, s d : oy d ;s
f(x)=x ;{a—ﬁx )+(3-6x ) ()
=x {ﬂ - t’){—‘}]x";" } +(3 - ﬁ.‘c""][ix"]
=" (54x7)+15x* =305
=54x7 +15x" —=30x7°

=24x7 +15x"
24

xﬁ
(v) Let f (x) = x* (3 = 4x7°)

By Leibnitz product rule,
' d B ] d
S(x)=x" E(3—4x ]+(3—41 )E(T 4]
—j][_4}x—4-|

=x " {0-4(=5)x " (3 -4x

=15x" +

=37 (205" ) +(3-4x7 ) (—4x7)

=20x"" —12x7 +16x7"

=36x" —12x7"
_ 1236
xﬁ xln
2 X

(vi) Letf(x) = X+1 3x-1

f'(x}zi[%]_i[sil]

By quotient rule,
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Find the derivative of cos x from first principle.

Answer :

Let f (x) = cos x. Accordingly, from the first principle,

, _ f(x+h)-f(x)
S {xJ_!f-rR B
. cos(x+h)-cosx
- Je—all h
_ i COSXCOS 1= sin xsin A —cosx
- |IJ—P|'_ Pir
_ _—cns:r{l—cnﬂh}—ﬂinxsinh}
=lim
=l h
[ =cosx(1=cosh) sinxsinhk
=lim -
h rll_ h h

. l—cosh} . .. (sinh)
=—cosx| lim —sin xlim —J
h h

=l fe—ld

= —cosx(0)-sinx(1)

=-sinx
S (x)==sinx
Question 11:
Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos X
(iv) cosec x (v) 3cot x + 5cosec x
(vi) 5sin x — 6¢cos x + 7 (vii) 2tan x — 7sec x

[

lim

fa=pll

| —cosh

=0 and lim

1=}

sinh .
h

Class XI Chapter 13- Limits and Derivatives Mathematics
[ d d , diy .d
) (.\‘+I](ir{2}—%dx{.r+l} ) (J.r—ljm(r )—,\ﬂ .:,rir{h_l}

' (x+1) (3x-1)
:'(Hmn)_zm]_[(3.1-_1}[21}_(_71){31
(x+1) (3x-1)
_ 2 __{:u:r:—Ex—.'i:c?J
(x+1) i (3x—1)°
_ -2 __3_r‘—21-1}
(x+1)" | (3x-1)
_ -2 x(3x-2)
(x+1)" (3x-1)
Question 10:
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Answer :

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,

win o Slx+h)=f(x)
f'(x)=lim P

h—sl1

sin{x+h}cu5{x +h)— SN X Ccosx

=lim
=il h

= lim L’l_h 2sin(x +f)cos(x+#)— 2sin x cos .1-]

H—ld

= lim ]—[sin 2(x+h)—sin Zx]

J—plb 2;?
o1 2x+2h+2x | 2x+2h-2x
=lim 2cos -sin
h—plh zh 2
. |[ 4x+2h . 2,1
= lim—| cos sin—
Jl—;l)h 2 2
L ;
= !Ilm E[Cﬂs{lx +h)sin h]
. . sinf
= limcos(2x+h).lim A
h—pl h—sdk
=cos(2x+0).1
=¢os2x

(ii) Let f (x) = sec x. Accordingly, from the first principle,
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. . f(x+h)-f(x)
'(x)=lim: -
f(x) lim .
. sec(x+h)-secx
[t h

1 '
lim— -
w0 fi| cos(x+h) cosx

l {umx—ms(.r HFW

=lm—
cosxcos(x+h)

h—D h

fx+x+hY . ( x=h

; . x
1 I —2sin j |5111| R
1
— lim — h £ b /'
cosx 0k cos(x+/)
C(2x+hY . BY
2sin sm|
1.1 L2 )2
im— —
cosxy =0 h Ci]ﬁl:.l' i h}
s.ml/"r”I
S.nlr.?:r-i—h"' \2)
1
z.' |f.h\|
. 2
= lim S
cosx 0 cos(x+h)
. [/J'r“ L (2x+h)
5N | sin
= Fme e i L
cosx |'/ hy s cos(x+h)
: ¥
| 1 sinx
COSX  COSX
=secxtanxy

(iii) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
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f{\+h} f(x)

f(x)=1

n'.a—.al
. 5sec(x+h}+-lcus{.r+h}—[ise-:x+-lcnsx]
= h
h)- h)-
_s im[ssc (x+h) sec:.] lm[cos(3.+ )-cosx]
Jr—0 h 1=} h
| 1
=5lim— - +-Huu—|:cos{x+h} casm]
0 | cos(x+h) cosx -+t

1] cos x—cos(x+h)

_ +4lim l[cosxcosh-sin xsinh—cos x|
=0 fi| cosxcos(x+h) hes0

. (x+x+h) . [x—x—h
- —2sin |sm |
—lim— . +41im —[ —cosx(1-cos/) —sin xsin /|
COs X Ti—i) h cos{x +h} fi—ad) h
—2sin Sl sin —;—?\

5.1 1J . {1—cosh) sinh
= Jim— + 4| =cos x lim ~——= —gin 1hm—
cosx F=0 fp cos(x+h) =0 h n0

_ [; J
21+h 2
Sl k ; , W
- 7
= Jdim 2 +4| (—cosx).(0)—{sinx]).1
cosx il cos(x +/1) [( )-(0) ) :|
. [Ix+h] N
5 s 2 SIH[EJ
= | lim Jdim —4sinx
cosx | im0 cos(x+h) Wt A
2
Ji H "
= .Sml.l—-lsinx
COSX COSX

= Sgec xtan x. —4sin x
(iv) Let f (x) = cosec x. Accordingly, from the first principle,
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fx+h)—f(x)

h

f'(x)=lim-

L 1B 1 ] ™ S ~ Ay
S(x)= %un ; Lmseu(.x +h}—wseuJ

: 1 1
=lim - .

w0 fr| sin(x+h)  sinx
_ sinx —sin(x+/)
=lm : :

=0 fp| o sin(x+A)sinx

x+x+hY . l”x—:r—h“
= 8ln |

2cos [
N i .-"

—1'1111l - -
ey sm{r [ Ir}sln x

(2x+hY) .

2c05| s sm|—:‘
=lim N z e
i fy sin (x + /1) sin x

f "'| ]

b
i

. (h
sin|
—cnsl =

244

2 ) o

2

=lim - - e
sl sin(x+/fr)sin x

&

( (2x+h)) (B

Cos
| 2

=lim = | lim——
] sin{xlh)sinx LN (f?]

\ J \

rd Y
_[_zeosx
sinvsiny )

= —cosecy cot
(v) Let f (xX) = 3cot x + 5cosec x. Accordingly, from the first principle,
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L) =1lim

fosih

S(x+h)=[f(x)
I

3cot (x+ h)+ Scosec(x +h) -3 colx— Scosec x

=lim
fr—si) h

=3lim ]—[cm{.'n.'+h]—cm .r] +3him %[cosec[r+h)—casec 1-|

h—t fp

o

Now, lim—| cot{x+ h)—cot x

f—sik h[ { ] ]

- | Cﬂﬁ[l’+h} cOsx
=lim—| — -—

woh| sin{x+h)  sinx

= lim - -
it fy sinxsin(x+#)

ol sin(x—x—#h)
=lim—| ———~
et fil sinxesin (x4 h)

|| sin(=h) ]

[ cos(x+ h)sin x —cos xsin{x+ 1"?}]

= lim—| — .
=i hy | sinxsin x4+ B

. sinh y |
=—|lim—— || lIm—
sl _-'H'Wu1.1:~ﬂ|r|{_1*+h}
| -]

“sinx-sin{x+0) sin’x

=—1 = —cosec’x -{2)

(1)
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1
lim— [coscc (x+h)- cosccx]

20

|
= lun—
Si—wl Ii"'l

= lim—
H—wlh f'll

o
= |lim—

fi—pll h

= ljm]—
h—wlh h

= lim

h—ed

=lim

[ !
sin{x+/) sin x]

| [ sin .r—sin[x+h}]

5in {.1: + f)sin x

_,_I [x+.1.‘+fi) [.r—.t—h]
2cos -5In
2 2

sin (x+ /) sinx

Ecns[h‘: h]sin[— f:J

sin{ x+ h)sin x

sin(x + /i1)sin x

[21+h] ) (I:J
—C0s N s

i) sin(x+ ) sin x ’ i [h]
- 5

r
= 05X |
sinxsinx /

= —cosecy cot X -(3)

From (1), (2), and (3), we obtain

f'(x)=—-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,
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f'(x)=lim

f—il

f(x+h)-1f(x)
h

=lim :?[5sin(x+h}—ﬁcﬂs[x+h}+?—53inx+6cﬂ51—?]

L]

= limllii{sin (.T+ h) —sin .T} - 6{:.‘:05(1‘ + h) — 08 T}:I

Jl—;llh
N . 1
=5!}33E[sm[xﬂr}—smx]—ﬁ&ﬂ;[mﬁ{x+h}—cmx]
1 x+h+x) . (x+h—x) . cosxcosh—sinxsinfi—cosxy
=5lim—| 2cos sin J —6lim
Jr=pll h 2 bl h
3 . | —cosx(l—cosh)—sinxsin/
:F:Iiml 2cos I smE —&lim A{ ] !
L= fy 2 2 [ h
sinﬁ
1 —cosx|{l—cos/ inxsi
_ stim CDS{E;H?] B —6Iim{ cosx(1-cc f}_smtsmh]
=l h dr—0 h h
2 )
1inh
] - —nne ¥
=5{Iimms(“x+hﬂ lim —2 —6{(—cns;—}[liml Lth—Sinxljm(ﬂH
Ji—si) 2 LI I ] I b0 h
P2

=5c08X. I—Er[[—cos.‘c}.[ﬂ}—sin x.l]
=5cosx+6sinx
(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,
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7(x) = tian L)1)
i h

=lim : 2tan {x i fr] ?a‘ec[ f;r) 2tan x+ Tsecx

el fp J

= ll_im l E{tun(.'-.‘- Ji)— tan .\'} ?{5&:{.&' th) secx}_.

ta111.:| 7lim I:"?E'C xlh} sec1:|

) lim
) s

:El_jm [tan x+h

5 If ]
s L sm[ f] sinx —'.-'Inml | 1
0 cm[t h] Cos X 0 i | cos(x +h) COS.Y |
2limL 51n[1 | h)cnu 5i11,'-.'|:05[_1f f h}_ im I | cosx L‘DE[I‘ | J’I]_
it fy CcosXx L{}S{J.' i h] =0l gosx cm{ fr)
au fX+x+hRY . (x—x—h
L] sin(x+/h—x) 1| - Sm[ Sm| 2 l
=2lim— —7hm— S S S N
=0 f1| cosxcos(x+h) i fp cosxcos(x+h)

[ 2x+h (
P 2sin |:~11n|
are | [ 8inA | | 2 )\
=2hm | ; —7lhm—
>0\ L h ) cosxcos(x+ .f.i] b=t fp cos 1c0~;{1. [ .fr}
h

i ™
/ . h [ 2x+
s s —
. & .l
=2 lim lim 7| lim = || lim
e kL0 cos xeos(x + ) " B || v cosx cos{ (+ /1)
L i 2 )'Ik J
. ™
| IRy
=2.1. —3) 1| |
COSXCOSX | COSXCOSX

i
=2sgec” x— Tsecxtanx
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